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ABSTRACT 
The theory of eigenvalues and eigenvectors of rectangular matrix pencils is com- 
plicated by the fact that arbitrarily small perturbations of the pencil cau cause them to 
disappear. However, there are applications in which the properties of the pencil ensure 
the existence of eigenvalues and eigenvectors. In this paper it is shown how to develop a 
perturbation theory for such pencils. 
In this note we will be concerned with the perturbation theory for the general- 
ized eigenvalue problem’ 
PAX = crBx, (1) 
where A and B are m x n matrices with m > n and o and /I are normalized so that 
Although rectangular matrix pencils have a long history and a well-developed 
theory of canonical forms (e.g., see [l, 5, 6]), their eigenvalues and eigenvectors 
have been less well studied. There are two reasons. 
In the first place, eigenvalues and eigenvectors may fail to exist. For example, 
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‘The homogeneous form given here seems preferable to the more conventional form Ax = 
1Bx. We call the pair ((Y, b) an eigenvalue of the problem. 
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if 
A= and B = 
1 
0 B ’ 
then (1) has no nontrivial solution unless u = B. In the second place, even if (1) 
has a solution, an arbitrarily small perturbation can make it go away, as the above 
example also shows. It is not easy to construct a general perturbation theory for 
objects that may not exist and can vanish at the drop of a hat. 
Nonetheless, in some applications the nature of the matrices A and B ensures 
the existence of eigenvectors, and the conditions that do so are stable under small 
perturbations (for an example from game theory, see [3]). In these circumstances 
it is reasonable to try to develop a perturbation theory. In this note we shall show 
how to do so by reducing the problem to a square one. 
We begin by describing the space of solutions of the unperturbed problem. 
First note that Equation (1) says that Ax and Bx lie in the same one-dimensional 
subspace. Generalizing this observation, we say that a subspace X of dimension 
k is an eigenspace of the pencil DA - a! B if there is a subspace JJ of dimension k 
such that 
AX+BXcy. (2) 
Here the sums and products are the usual Minkowski operations; e.g., AX = 
IAx : x E X }. Since the sum of two eigenspaces is an eigenspace, there is a 
unique maximal eigenspace, which we shall call the C2-eigenspace of the pencil. 
In what follows, X will be the Q-eigenspace of the pencil j3A - aB, and Y will be 
the corresponding subspace in (2). We will assume that X has dimension k > 0. 
The relation between eigenspaces and eigenvectors can be seen as follows. Let 
X = (Xl X2) and Y = (Yt Y2) 
be unitary matrices such that R(X1) = X and R(Yt) = Y. Then YHAX and 
YH B X have the forms 
YHAX = and YHBX = (3) 
It follows that if x is an eigenvector of the pencil /IAl 1 - aBll, then Xtx is an 
eigenvector of (1). 
The converse is also true: all eigenvectors of (1) have the form Xt x. This is a 
consequence of the fact that the pencil PA22 - u B22 does not have an eigenspace. 
For if it did, we could reduce A22 and B22 as above, so that the transformed pencil 
assumed the form 
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Then the original pencil would have an eigenspace of dimension greater than k 
corresponding to the pencil 
which contradicts the maximality of the Q-subspace. 
In what follows, we will assume that the matrices of the pencil PA - crB are 
in the reducedfonn (3). Note that since the reduction is a unitary equivalence, any 
perturbation in the original pencil corresponds (in a unitarily invariant norm) to a 
perturbation of the same size in the reduced form. 
Let us now consider the perturbed matrices 
and 
where 
IIEijlI~ Ilfijll i 6, i,j= 1,2. (4) 
Here II . 11 denotes both the Euclidean vector norm and the subordinate spectral 
matrix norm. Let 2 = (np ,?F)H be a normalized eigenvector of the corresponding 
pencil: 
/Gia = &BK, [[all = 1. 
We are going to show that under a natural condition (namely, that f defined below 
is not small) the second component Pz of 2 is small. 
First note that since the pencil PA22 - c~B22 has no eigenvectors, there is a 
number t > 0 such that 
II&42222 - CB2222 II > r ll.f2ll. 
Since \&I2 + ISI = 1, if 
Gt-&>O, 
then 
(5) 
(6) 
ll8~22.f.2 - &B22f2 II > f II22 II. 
Since 2 is an eigenvector, 
0 = l@(E21& - A&) - 6(F21& - B&)ll 2 7IIK2ll - l@E2rZ:1 - GE2lPt (I. 
Hence 
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Now let us perform the reduction procedure describe above on the perturbed 
pencil, but using only the one-dimensional space spanned by the eigenvector f . 
Specifically, let 
be a unitary matrix whose first column is Z and for which 
P=(P2 O), 
so that 
IlPll = IIf 5 e. 
z 
(7) 
Let 
be a unitary matrix whose first column is proportional to Ax (or Bx if & = 0). 
Then the first k columns of YHAX and YHBX have the forms 
Thus (6,s) is an eigenvalue of the pencil 
But by direct computation, this pencil is 
~(i?H~11~+i?H~11~+kHA12P+ &HE21R+ &HA22P) 
-u(R~B~~R+~~~F~~R+R~A~~P+ $HF21R+ $HA22P), 
or 
B(kHA~~R+G)-ct(kHBIIR+~), 
where from (4) and (7) 
We have thus shown that the eigenvalue (a, 8) is an eigenvalue of a pertur- 
bation of the pencil p&HA,1 R - (u~'BI~ R, a pencil which corresponds to the 
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a-eigenspace of the original problem. Since the pencil and its perturbation are 
square, we may use standard perturbation theory to bound the perturbation in 
the eigenvalue and its eigenvector (for a survey of the perturbation theory of the 
generalized eigenvalue problem, see [4, Chapter VI]). 
The dependence of the bounds on t defined by (5) is entirely natural. If t is 
small, then (I?, fi) is almost an eigenvalue of the pencil BA22 - (rB22 and could 
have come from the perturbed pencil /?A22 - a&. Such an eigenvalue need not 
be near an eigenvalue associated with the !2-eigenspace of the original problem. 
Seen in this light, the condition (6) ensures that the perturbed eigenvalue truly 
comes from the Q-eigenspace of the original problem. 
Finally, we note that the general technique we have outlined here is at least 
as important as the particular bounds. For example, it can be extended to obtain 
perturbation bounds on eigenspaces. Again, if we work with nonorthogonal diag- 
onalizing transformations, so that A12 = Bt2 = 0 in (3) and ZH = gH = 0 in (8), 
we obtain the result that 
& cx u + yHEx + O(max{llEIl, IIFII12) 
and 
fi a B + yHFx + O(maxIllEIl, Il~II~2). 
where yH is the left eigenvector corresponding to (a, #I). The details are left to 
the reader. 
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